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Abstract. Starting from the Fierz transform of the two-flavour 't Hooft interaction (a four-fermion La-
grangian with antisymmetric Lorentz tensor interaction terms augmented by an NJL type Lorentz scalar
interaction responsible for dynamical symmetry breaking and quark mass generation), we show that: (1)
antisymmetric tensor Nambu-Goldstone bosons appear provided that the scalar and tensor couplings stand
in the proportion of two to one, which ratio appears naturally in the Fierz transform of the two-flavour 't
Hooft interaction; (2) non-Abelian vector gauge bosons coupled to this system acquire a non-zero mass.
Axial-vector fields do not mix with antisymmetric tensor fields, so there is no mass shift there.

1 Introduction

It has long been known that four-fermion contact inter-
actions of the Nambu and Jona-Lasinio [NJL] type can
lead to dynamical symmetry breaking along with asso-
ciated composite spinless Nambu-Goldstone [NG] bosons
[1]. Such interactions have been extended to include all
but six of the 16 independent Dirac matrix bilinears. The
six still unexplored terms correspond to the antisymmet-
ric [a.s.] tensor oy, = (i/2) [y, 7] self-interaction, which
leads after bosonisation to antisymmetric tensor bosonic
excitations [2]. Elementary antisymmetric tensor fields
were introduced into field theory by Ogievetskii and Pol-
ubarinov [3], into string theory by Kalb and Ramond [4]
and into models of confinement by Nambu [5], but their
origin was not specified.

The purpose of this paper is to show that: 1) a model
that combines the NJL dynamical symmetry breaking
with an antisymmetric tensor quark self-interaction, ob-
tained from the two-flavour 't Hooft interaction by a Fierz
rearrangement, leads to massless composite antisymmet-
ric tensor and pseudotensor NG bosons at a.s. tensor cou-
pling equal to one half of the scalar coupling constant
Gr = %Gs; 2) vector boson coupled to this system ac-
quires a non-zero mass.

2 Preliminaries

We shall work with a chirally symmetric field theory de-
scribed by

Loxo = B[ifly + Gs[(50)? + (@insmv)?]
+ Gr [(1/30“1/1/1)2 + (1/?7;750””7'1/})2} ) (1)

where 9 is a two-component (isospinor) Dirac field. We
shall have no need for the pseudoscalar term in the first
line of (1) in the forthcoming analysis, but will keep it
to preserve the underlying SUL(2) x SUR(2) chiral sym-
metry. The antisymmetric tensor self-interaction in the
second line of (1) preserves this chiral symmetry, but vi-
olates the axial baryon number Ua(1) conservation [6].
[This self-interaction is related to the two-flavour 't Hooft
interaction [7] by a Fierz identity.]

There is another, hidden symmetry of the a.s. tensor
term (the second line in the Lagrangian (1) that has not
been explored in this context heretofore and which we
shall call the “duality symmetry”. It is induced by the
identity

1

25W@500‘5 =0

V50 uy = ;u = i&;w (2)
which allows the second line in the Lagrangian (1) to be
written as

G |: (]- + )\) ('(Zo';wwy + )\(1/_”3750#1/7'1#)2

+ AWivs01)? + (1 + A) (YouT)?| . (3)

where A is an arbitrary (real) “duality-symmetry gauge
fixing parameter”. Manifestly, physical predictions of this
model must be independent of A\. As a particular conse-
quence of duality the a.s. tensor term in the Lagrangian
(1) vanishes identically in the Abelian, i.e. one-flavour
(N =1) case:

G (/‘Lo—uuwf + (J}iPYE)UHV'L/J)Q =0. (4)
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We shall have to pay particular attention to maintaining
the duality-symmetry of this theory in the approximations
used here.

The non-perturbative dynamics of the model, to lead-
ing order in 1/N¢, are described by two Schwinger-Dyson
[SD] equations: (i) the gap equation, Fig. la; and (ii)
the Bethe-Salpeter [BS] equation, Fig. 1b. Our model has
three parameters: two coupling constants Gg, Gp of di-
mension (mass)~? and a regulating cut-off A that deter-
mines the mass scale. In the Hartree approximation, i.e.,
to leading order in 1/N¢, the gap equation

. d*p m
m = 162NCGS {/ (27{')41)27n2} s (5)
reg

for N, colours, regulated following either Pauli and Villars
(PV), or dimensionally [8], establishes a relation between
the constituent quark mass m and the free parameters
Ggs and A. [Regularization of the quantity in braces is
indicated by its subscript.] This relation is not one-to-one,
however: there is a double continuum of allowed Gg and
A values that yield the same nontrivial solution m to the
gap equation. One of these degeneracies can be eliminated
by fixing the spinless (0~) Nambu-Goldstone [NG] boson
decay constant f, at its observed value.

3 Bethe-Salpeter equation:
antisymmetric polarization tensors

The second Schwinger-Dyson equation is an inhomoge-
neous Bethe-Salpeter (BS) equation

D = 2G +2GIID, (6)

describing the scattering of quarks and antiquarks,
Fig. 1b. Because there is potential for mixing between
channels, all objects in the BS equation are 4 x 4 matrices.
Here G is the (effective) T coupling constant matrix

G:GT<°§)1 501> (7)
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Fig. 1. The two Schwinger-Dyson equations de-
termining the dynamics of this model in the
Hartree + RPA approximation: a the one-body,
or “gap” equation; and b the two-body, or Bethe-
Salpeter equation. The thin solid line is the bare,
or “current” quark, the heavy solid line is the con-
stituent quark and the double solid line is either
the composite antisymmetric tensor-, or pseudo-
tensor boson

corresponding to the interaction Lagrangian
Gr [a($0,,)? + Bins0,1)? ®)

parametrized by a couple of parameters «, 8 in each iso-
spin channel. Here 1 is a 2 X 2 unit matrix (corresponding
to two channels), the “upper” submatrix describes the T
and the “lower” one the PT channel, and II is the a.s.
polarization tensor matrix whose matrix elements we must
evaluate.

To leading order in N¢, the polarization IT(k) is just
a single-loop diagram. The form of the interaction in (1)
gives rise to scattering in four channels: the familiar iso-
vector-pseudoscalar (pion) channel and the isoscalar-scalar
(sigma) channel and the corresponding two antisymmetric
(pseudo-)tensor channels of opposite parity.

Antisymmetric polarization tensors. To leading order in
N¢, the polarization IT(k) is just a single-loop diagram.
The form of the interaction in (1) gives rise to four polar-
ization functions: two (isovector and isoscalar) in the an-
tisymmetric tensor and pseudo-tensor channels each. We
start with the a.s. tensor polarization:

—ill, s = =T, 06(a°)5% 9)
AN / A i S(p + 0)ivas S ()]

C (27‘(‘)4 pro P T4 apR\P

and similarly for the pseudotensor polarization

—ill % = —ilI  5(q)6 (10)

pviaf 2

d4
= 2N / #trhsgws@ + @) 750035 (p)).

There are two independent a.s. tensors,

1
Tgw,ag = ) [guaguﬁ - guﬂgua] (11)
1
Tovap = 22 (9109098 + 9v89uda — 9uBdv 0 — Jraduds]
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so we may write the polarization tensors as follows

Hp,u a,@( 2) = H%’T( )TIV a3 + H ( )Tm/ af

Huuaﬂ( 2) = HT( )Tluaﬁ +H’¥( )Tul/aB?'

without loss of generality. In four dimensions the identity
(2) demands the following “duality” relations between the
tensor and pseudotensor polarizations

(12)

ﬁgv,aﬁ(‘f) = iguwénwﬁp(qz)gopaﬁ
=" v, a,@( ) = Hﬁ’faﬁ(qg)
Higaﬁ(qz) = igwﬁng%ap(f)%paﬁ
="M as(d®) = Iy ap(d?). (13)
Equations (13) imply the following constraints
Iy = — (py + )
ot =i =o't (14)

These results are both theoretically important and valu-
able in the evaluation of the polarization functions.

We evaluate the traces in four dimensions, so as to
avoid ambiguities in the definition of 5 matrix in non-
integer dimensions and to conform with the duality re-
quirements (14). One finds

I (s) = —% [—16f7 — 48iNcJ + 29, (s + 8m?) F(s)]
= IIy(s) = 87 F(s)
IIL(s) = —é [—16f) — 48iN¢J + 2g, % (s — 4m?) F(s)]
n'(s) = %g;2 [sF(s) 4+ 2m? (F(s) — 1)]
= _QHV(S) ) (15)
where
{1(8) }reg
P = T,
Sgp {\/7Arccot\/77 1} (16a)
f:1—4m /s (16Db)
2
5= (L) —aiNe i)y . (60

and I(k), J are the, respectively, logarithmically and qua-
dratically divergent one-loop integrals

o d*p 1
1) = [ s i T 169
B d*p 1 o
7= / (2m)4 [p2 —m?] (16¢)

(16¢) describes the Goldberger-Treiman [GT] relation,
which is a chiral Ward identity and happens to hold in
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most regularization schemes, even when they violate other
Ward identities. The set of a.s. tensor polarization func-
tions (15) requires

M {I(0)}eg = {7 }req

in order to satisfy the duality constraint (14), however.
This is the same condition that converts the gauge-variant
sharp Euclidean space cutoff vector polarization function
ITy into the gauge invariant [g.i.] one in (15). This proce-
dure eliminates the quadratically divergent integral from
the vector polarization function ITy(s), [9], and thus
makes sure that the photon remains massless. (17) holds
in the Pauli and Villars (PV) scheme for only one value
of the cutoff A, and even the signs of the two sides of this
“equation” in the PV scheme coincide only in a narrow
region of cutoff A and mass m values. With dimensional
regularization, however,
}dim

" {/ o
=(3-1) {/(;l;) ]7177L2}dim (18)

holds as an identity. With the help of the GT relation,
however, (17) can be written as

(17)

1
4{f§}Pv = 7G75'

As a consequence of dual symmetry we are facing here two
alternatives: (1) imaginary decay constant f, and compos-
ite boson-fermion coupling constant g,, or (2) negative
four-fermion coupling constant G's. We choose the latter.
In other words, with g.i. and duality-invariant regulariza-
tions, such as the dimensional one, the sign of the scalar
coupling constant Gg in (1) is opposite to the usual one.
As pointed out earlier, this coupling constant is not an ob-
servable, so we may flip its sign with impunity so long as
observables, such as the fermion mass and the p.s. decay
constant f, remain unaffected, which is precisely the case
here. This seems a small price to pay for a regularization
scheme that is consistent with the gauge and duality sym-
metries. Moreover, this prescription also allows us to use
the dimensional regularization in the NJL model.
Upon enforcing the relation (19) in (15), we find

(19)

IIhr(s) = —%g;z [(5 4 6m?) F(s) 4+ 2m?* (F(s) — 1)]

I3(s) — 8f2F(s)

II%(s) —2952 [(s — 6m?) F(s) 4+ 2m? (F(s) — 1)]
NG

m'(s) = 59172 [sF(s) +2m? (F(s) — 1)]

= 72]]\/(8) .

(20)

We shall call these results “gauge invariant a.s. tensor po-
larization functions” and use them forthwith as the only
option.
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Antisymmetric tensor-pseudotensor mixing matrix ele-
ments. The duality identity (2) also connects the a.s.
polarization tensor to the a.s. polarization pseudo-tensor
and hence to the mixing of the two modes via the nonva-
nishing PT-T transition matrix element [ME]

. d* .
5T = 2iNe [ Gl + 0iasS (o)

1 ~5
= 7§€/LV 11 éaﬁ( 2) H/waﬁ( 2)

1 é *
= (xﬁv I u'y(?( ) H;Ij;ra[i‘( 2)

. (21)

This leads to the following product of matrices

Ozfﬁ)HT 0
0 (aﬂ)HPT>(22>

As we can see, the T and PT channels are separate now,
the only effect of mixing being the perhaps unexpected,
yet duality-gauge-invariant linear combination (o — ) =
I+XN)-X=1

GH:HGzGT<(

4 Bethe-Salpeter equation:
antisymmetric tensor meson propagators

After separating the two opposite parity channels in (6)
we find as the solutions

DL _ 200G

T 1-2(a-B)Grllk(q)

1

I _

P =20 | (T B Gy (11h() + 17 (0))
_ 1
1—2(a - B)GrlIk(q)
1
= 20Gr L +2(a = B) Grilhr(q)

1
1-2(a-p) GTH”IF(Q)]
208G
142 (a—B)Grilip(q)

1
1 _
Dpr = 2667 [1 "2 (a— ) Grilhg)

I _
DPT_

1
T ) =

Hence we see that the denominators are duality-gauge in-
variant, but not so the numerators.

Duality constraints on the solutions to the BS equation.
Now remember that a T channel propagator can be turned
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into a PT one by the duality transformation. Hence the
“complete” propagators are given by

Dy (@) =
Dpr(G) =

DT(G) + DPT(G)

Dpr(G) + D1(G) , (24)
respectively. As we shall show below, these two complete
propagators are duality-gauge invariant and they describe
two distinct particles in the sense that their parities are
opposite. These two particles couple differently to particles
with other spins and parities, as will be shown in the next
section, although they are produced by one and the same
interaction.

Duality transformation turns the tensor propagator
into a rescaled pseudotensor one, with the opposite sign
of the coupling constant:

. - —2a8G
BD2(G) = 15 (o — B) GIIL(q)
1
—2BaG
Pa [1 —2(a— B) G (II%(q) + I1"(q))
B 1
1-2(a—B3)GIIk(q)
_ —2BaG
1-2(a—B)G (ITk(q) + IT(q))
B —2paG
" 1+2(a—B)GIIL(q)
= —aDhx(G) , (25)
and similarly
BD(G) = —aDEL(G) . (26)
These imply the following identities
BD1(G) = —aDpr(G)
aDpr(G) = —AD1(G) . (27)
Inserting these results into (24) we find
DI ’ _ 2 (a - ﬁ) GT
T 7 1-2(a-p)Griik(g)
I’ _ _ 1
Dy =2(a—p)Gr 1+2(a—B)Grili(q)
B 1
1-2(a—f3)GrIlk(q)
D ’ _ -2 (Oé — B) GT
PT 1+2(a—B)Grili(q)
, 1
Dpr = =2(a =) Gr 1—2(a—B)Grlli(q)
_ ! (28)
1+2(a— B)Grilho(q) |
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Hence we see that the total tensor and pseudotensor prop-
agators are not identical, as some have conjectured, but
are related to each other by the duality transformation.

As a check of our procedure we see that for a vanish-
ing interaction Lagrangian (4), i.e., with a = [ the net
propagation of the true (“total”) a.s. tensor, or a.s. pseu-
dotensor modes also vanishes

Dip(a =) = Dy(a=5)=0. (29)

Moreover, as stated above, for tensor 't Hooft interaction
Lagrangian (3), i.e., with « # [ the total T and PT mode
propagators (29) are duality-gauge invariant as they de-
pend only on the duality-gauge invariant linear combina-
tion a — .

Nambu-Goldstone bosons. The poles in the propagators
(28), determine the masses of the T, PT states, while the
residues determine their coupling constants to the quarks.
There are two sets of poles/masses (a) pseudotensor

—2Gt

1+ 2G 1 T}y (s) (30)

DP/T(S) =

912>T
[(s + 6m2)F(s) + 2m? (F(s) — 1) — m3]

and (b) tensor

2Gr

DY (s)= — %t
T (8) =17 2Gr1IL(5)

(31)

9%
[(s = 6m2)F(s) +2m? (F(s) — 1) + m&]’

where we introduced the (gauge invariant) “tensor mass”
mT as

3912)
4Gt "’

m = (32)

and the associated zero-external-momentum coupling con-

stants as
2 2 2 -1
m 2T
g = <f> = (N) <ZC log(Mf/m2)>
p c s=0

gg% (1 + (3;)2) = %g%T (1 + (;’7’:)2> ,(33)

where the Cy and M2 = m? + a,A? are the standard
parameters of the Pauli-Villars regularization scheme [8],
and f, is the p.s. “pion” decay constant.

We find a remarkable symmetry pattern in the mass
spectrum: there are four poles ! symmetrically placed
about the origin with locations at +6m? £ m?%. One finds

! Remember that there are two isospin channels, isoscalar
and isovector, which differ only in the overall sign of the tensor
coupling constant Gr.
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two massless poles (in the chiral limit 2), one in the an-
tisymmetric pseudotensor- and another in the a.s. tensor
channel, at s = 0 (Nambu-Goldstone) provided that

ma = 6m? | (34)
holds, which is equivalent to G}l = —8f5 = 2G§1. Note
that precisely this ratio of the two coupling constants
arises when one takes the Fierz transform of the Ny = 2,
N¢ = 1t Hooft interaction [7] as the interaction La-
grangian. The relations (32), (34) bear remarkable simi-
larity to analogous relations for the vector mass and cou-
pling constant in the ENJL model [9]. In other words,
(34) defines a critical point in the space of a.s. T coupling
constants in this theory. Change of Gt or Gg can lead
to (phase) transitions to other phases of the theory, and
thence to tachyons.

5 The Higgs effect

By replacing the partial derivative d,, with the covariant
one D, = 0, —ieA, , in the Lagrangian (1) and adding
the gauge field Lagrangian to it, we can couple a gauge
field A, to the fermions in this model. We will work in a
class of covariant gauges parametrized by a gauge fixing
parameter £. That amounts to adding the gauge-fixing
term

1 2
£gauge fixing — _ig (auA#) (35)
to the Lagrangian Eq. (1) and consequently having
-1 1 q”q”}
DM (q) = — |g"" — (1 — = 36
D=2 {g ( 3 ) ¢ %)

as the “bare” gauge boson propagator. This propagator is
“dressed” by vacuum polarization correction parametrized
by the gauge invariant tensor

T (@) = (2,00 — 9w d®) 7(q°) (37)
according to the Schwinger-Dyson equation
D" (q) = D*(q) + D"Mq)mas(¢)D7"(q) . (38)
The solution to this SDE reads
-1 q"q” 1 1g¢"q”
D"“’qz{(g‘w— ) + - 39
@ ¢ @ )1-n(qg) £ ¢ (39)

Schwinger observed [10] that when the vacuum polariza-
tion function 7(¢?) has a simple pole at ¢? = 0, the dressed
gauge boson propagator

¢ (1-7(q)=q¢*— M,

2 Some doubts have been expressed with regard to the NG
nature of these massless poles. These doubts ought to be al-
layed by the fact that the T, PT states acquire a mass upon ex-
plicit breaking of the chiral symmetry by current quark masses.
This mass equals the pion mass under the same circumstances.

(40)
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Fig. 2. The vector current polarization tensor m,,. The wavy
lines are the Yang-Mills vector bosons, solid lines are con-
stituent quarks and the double solid line is the antisymmetric
pseudo-tensor boson

acquires a finite gauge-invariant dressed mass My deter-

mined by the residue of 7 at the pole as follows
M2 = lim ¢*n(q) . (41)

q>—0

This is also the way the “conventional” Higgs mechanism

operates [11]. We see in (40) that it is absolutely crucial

for m(q) to have a pole at precisely ¢ = 0, or else the

dressed gauge boson remains massless.

That this is indeed the case in the present theory, we
can see by constructing the vector polarization tensor 7,
see Fig. 2. For that we need the vector-pseudotensor [V-
PT] transition matrix element IT XV_QP T which is again
given by the simple one-loop graph appearing in Fig. 2.
One finds

HV—PT

pro

(s) = iemg;QF(s)am,aﬁqﬁ . (42)

[Note that the analogous A-T transition tensor vanishes,
i.e., a.s. tensors do not couple to axial-vector currents.
This shows a definite asymmetry between the two sectors
with opposite parities.] Inserting this into

Tun(q) = 11 (@) Dpr ()L (q)
= [4uav — 9] (emg, )’
y 395 F2(q%)
[(¢2 + 6m2)F(q2) + 2m? (F(¢?) — 1) — m2]’

(43)

we find
3(ef,)?

Mg = lim ¢*n(q) = (44)
goN2
AT ()
in the mr — v/6m limit. In other words, one must have
4Gg = 8Gr = —fp_2 for the Higgs mechanism to be op-
erative, the same condition as for the masslessness of the
antisymmetric pseudotensor NG bosons.

6 Discussion and conclusions

In conclusion, we have shown that: 1) a non-Abelian sym-
metry model with dynamical symmetry breaking of the
NJL type and an antisymmetric tensor fermion self-inter-
action leads to massless composite antisymmetric tensor
NG bosons at tensor coupling G = %Gs; and 2) vector
gauge bosons coupled to this system acquire a mass of
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\/gefp

1+(32)"
is the scalar (Higgs) v.e.v.. Such a result may be termed an
“antisymmetric tensor Schwinger-Higgs mechanism” with
composite a.s. T states. The distinction from the usual
(scalar) Higgs mechanism is that there is no a.s. T Higgs
particle. A similar effect with elementary a.s. T fields has
been recognized by Stiickelberg [12].

Analogous Higgs mechanism for azial-vector gauge
fields with the original NJL model has been discussed by
Freundlich and Lurié [13]. The Freundlich-Lurié scheme is
the dynamical symmetry breaking mechanism currently
used in many “top-condensation” models of the electro-
weak interactions [14]. The parity of the would-be NG
boson (“the Higgs-Kibble ghost”) is unimportant in appli-
cations to electroweak interactions, where the gauge fields
are one part vector and one part axial-vector, but it is cru-
cial in applications to QCD, which theory conserves par-
ity and whose quanta (gluons) are vector particles. Phe-
nomenological consequences of an a.s. tensor Higgs mech-
anism as applied to the Salam-Weinberg model remain to
be worked out. Applications to the confinement problem
in QCD are being worked on. Last, but not least, this
new a.s tensor Higgs mechanism may have applications in
hadronic effective theories [15].

where e is the gauge coupling constant and f,

Acknowledgements. 1 would like to thank A. Tetervak for giv-
ing me access to his Dirac trace evaluation program TamarA.

References

1. Y. Nambu, Phys. Rev. Lett. 4, 380 (1960); Y. Nambu,
G. Jona-Lasinio, Phys. Rev. 122, 345 (1961); Phys. Rev.
124, 246 (1961). See also V. G. Vaks, A. I. Larkin, Sov.
Phys. JETP 13, 192 (1961)

2. T. Eguchi, H. Sugawara, Phys. Rev. D 10, 4257 (1974),
and T. Eguchi, Phys. Rev. D 14, 2755 (1976)

3. V.I. Ogievetskii, I.V. Polubarinov, Sov. J. Nucl. Phys. 4,
156 (1966)

4. M. Kalb, P. Ramond, Phys. Rev. D 9, 2273 (1974)

5. Y. Nambu, Phys. Rev. D 10, 4262 (1974)

6. V. Dmitrasinovié, Phys. Rev. D 56, 247 (1997)

7. G. ‘t Hooft, Phys. Rev. D 14, 3432 (1976), (E) ibid. 18,
2199 (1978)

8. C. Itzykson, J. B. Zuber, Quantum Field Theory,
(McGraw-Hill, New York, 1980)

9. V. Dmitrasinovié, Phys. Lett. B 451, 170 (1999)

10. J. Schwinger, Phys. Rev. 125, 397 (1962), ibid. 128, 2425
(1962)

11. P. W. Higgs, Phys. Lett. 12, 132 (1964), Phys. Rev. Lett.
13, 508 (1964) and Phys. Rev. 145, 1156 (1966); F. En-
glert, R. Brout, Phys. Rev. Lett. 13, 321 (1964); G. S.
Guralnik, C. R. Hagen, T. W. B. Kibble, Phys. Rev. Lett.
13, 585 (1964)

12. E.C.G. Stiickelberg, Helv. Phys. Acta 11, 225 (1938); see
also C. R. Hagen, Phys. Rev. D 19, 2367 (1979)

13. Y. Freundlich, D. Lurié, Nucl. Phys. B 19, 557 (1970)

14. G. Cveti¢, Rev. Mod. Phys. 71, 513 (1999)

15. S. Klimt et al., Nucl. Phys. A 516, 429 (1990)



